CHAPTER 7.5-7.6.





Handout #7-4.

7.5. Counting techniques: Permutations & Combinations.

· Many problems in probability and statistics require a careful analysis of the outcomes of a sequence of events.

· A sequence of events occurs when one or more events follow one another.

Example 7.5.1. Tom wants to invite his girlfriend to the restaurant first and after that - to the movie. He is choosing between 5 restaurants he likes the most and 3 movies currently available in the closest movie theatre. 

How many different choices of the day’s activities does he have?

The first event can happen in 5 different ways (5 restaurants) and a second, subsequent event can happen in 3 ways. In how many ways can both events occur? 

For each of the 5 ways the 1st event can occur, the second event can occur in 3 ways. Event A:
Restaurant (Taco, Pizza Hut, McDonalds, Wendy’s, Chinese) –-> n(A) = 5

Event B: 
Movie (Titanic, Pianist, Chicago)

(
n(B) = 3

A set of these 2 events: A,B  is a sequence of events, for instance: Taco, Chicago.

The total # of ways that both events can occur is 

n(A) • n(B) = 5 • 3 = 15

· For this and similar examples use a tree diagram  to show all the possibilities of a sequence of events in a systematic way.

Draw one tree diagram for event A:

Taco

Pizza Hut

McDonalds

Wendy’s

Chinese rest

The choice of a movie is shown by the other tree diagram(event B):

Titanic

Pianist

Chicago

Take the B branch and pair it up with the first branch A in 5 ways:

Total number of choices we can get by counting each way or by multiplying 5 by 3:

5 • 3 = 15

Another example to construct tree diagram:

Example 7.5.2. The passenger can travel from Rotterdam (the largest port in Europe) to Boston either by plain or by ship, and then from Boston to Manchester - by plain, bus or by car. List all possible ways he can travel from Rotterdam to Manchester by drawing a tree diagram.

n(A) • n(B) = 2 • 3 = 6

Example 7.5.3. On Thanksgiving game, a contestant might be required to guess the sex and the weight of the turkey that is cooked. Estimate the chance of guessing the correct answer to both questions, if the turkey’s weight is less than 25 and not more than 10.

Event A:, 2 ways: male, female. 

Event B, weight of turkey W is such that  10 ≤  W <  25, 

so we have in total 15 possible choices.

n(A) = 2,
n(B) = 15,


n(A) • n(B) = 2 • 15 = 30

Examples above show the Fundamental Counting Principle  (FCP)
(or simply, Multiplication Rule), that allows to find the 

total number of outcomes in a sequence of independent events:

· In a sequence of events in which the first one has n(A) possibilities and the second event has n(B), the total number of possibilities of the sequence will be:
n(A) • n(B) .

Example 7.5.4. 

A) An artist has 3 pictures to hang on a wall in one row. How many possible ways can they be placed on the wall?

Six choices will be made, one for each space for the picture.

For the first place we have 3 pictures to choose from. There are 2 possible choices for the second place, since one picture has already been hung on the first place, and 1 picture left for the last third space.

By the Counting Principle, the number of different possible arrangements (sequence of choices) is:


3 • 2 • 1 = 6 ways

We use factorial to denote multiplication of natural numbers from 3 down to 1:
3!

n-factorial

For any natural number n,


n! = n • (n– 1) • (n – 2) • (n – 3) • • …. 3 • 2 • 1

0! = 1 by definition.

B) Suppose the artist in Example 7.5.4 has 5 pictures but only 3 places in a specific order are available on the wall. How many possible ways can these pictures be arranged on the wall?

There are again 3 places on the wall, but any of 5 pictures can be hung in the first place, any of 4 pictures in the second place and any of 3 remaining pictures can be placed on the last space. The total number of possible arrangements is:

5 •  4 • 3 = 60

The number of possible arrangements in Example 7.5.4 is called the number of permutations of 5 pictures taken 3 at a time:

          5!
5!

3P5 = ---- =  --------- = 60

          2!       (5 – 3)!

The order is important for this example, since pictures are to be arranged in a definite order.   An arrangement of objects in a specific order is a permutation. 

The number of permutations of n



   n!
objects taken r at a time is equal:


nPr =  ---------

(7.5.1)









(n – r)!

C) Suppose now that the artist (Example 7.5.4) wants to choose 3 pictures out of his best 5 pictures for the exhibition. In how many possible ways can he do this? 

We need to find how many different combinations of 3 it is possible to make out of 5 pictures. In this case, the order is not important.

A selection of distinct objects without regard to order is called a combination and is denoted by nCr.

Combine the cases A, B, C:

A) 3 pictures can be arranged in different orders in 6 ways: 3!

B) 5 pictures can be arranged on 3 places in a specific order in 

    5!

5P3 =   ---------  =  60 ways

            
(5 – 3)!

      C)  number of combinations of 3 out of 5 pictures:

We can consider the permutation as consisting of 2 operations: 

1) selecting 3 pictures out of 5 = # of combinations of 3 out of 5 = 5C3
2) arranging each group of 3 in different orders = 

= number of orders in a group of 3 = 3!
Number of permutations of 5 pictures taken 3 at a time:

5P3 = 5C3 • 3!

Solving this equation for 5C3, we get:

     5P3

  5!
       5 • 4 • 3 • 2 • 1

5C3 = ------ =  --------- 
 =  ------------------- = 10 combinations of 3 out of 5 pictures


       3!
        3! (5 – 3)!      3 • 2 • 1 • 2 • 1

The number of combinations of r



   n!
objects selected from n objects is:


nCr =  -----------
(7.5.2)









r! (n – r)!

Example 7.6.4. 2 cosmonauts should be chosen from the five, which are trained as a team for the next space flight. How many combinations of 2 persons are possible to choose? 

The commander should know this number before taking into consideration other circumstances as compatibility, psychological factors, personal habits. Order is not important, use combinations (formula 7.5.2) to solve the problem.

Example 5. A woman has 3 skirts, 4 blouses and 2 jackets.

How many different outfits can she wear, assuming that they are color-matching?

Skirts – 3

Blouses – 4

Jackets – 2.

Since there are 3 possibilities for skirt, 4 for blouses and 2 for jackets:

Using FCP:

Total # of outfits = 3 • 4  • 2 = 24

#7-6.

Permutations, Combinations & Probability.

From Section 7.1 we have:


  n(E)


P(E) =  ------ 



  n(S)
   

The probability of event E = number of ways an event E can happen divided by the total number

of outcomes. In order to find n(E) and n(S) we use counting techniques like permutations, combinations etc.

Example 7.6.1. The letters A, B, C, D, E and F are used in a four-letter code.

a) What is the probability of getting ABCD code if repetitions are not permitted?

Obviously, there is only one favorable outcome getting ABCD: n(E) = 1.

Total number of outcomes represents number of four-letter arrangements out of 6 letters given, or 

the number of permutations of 6 letters taken 4 at a time (the order is important!):

Use formula 7.5.1 to find n(S):

          
  
 5!

n(S) = 5P3 = ---------- = 60

          
          (5 – 3)!

  n(E)
   1

P(E) =  ------ = ----- 


  n(S)
   60

b) What is the probability of getting ‘uni-letter’ code (AAAA, BBBB, CCCC etc)?

There are 6 favorable outcomes (6 letters): AAAA, BBBB, CCCC, DDDD, EEEE, FFFF): n(E) = 6. Repetitions are allowed in this case, so the total number of ways in which 6 letters can be arranged on 4 places (total # of 4-letter codes) according to FCP:

n(S) = 6 • 6 • 6 • 6.

  n(E)
         6

    1

P(E) =  ------ =  -------------- =  ------ 


  n(S)
   6 • 6 • 6 • 6     216

Example 7.6.2. For each of the following examples, tell whether permutations or combinations should be used:

a) How many 6-digit license plate numbers are possible if no digits are repeated?

Since changing the order of 6 digits results in a different plate number, we use permutations.

b) A sample of three light bulbs is randomly selected from a batch of 15 items. How many different samples are possible?

The order in which the 3 light bulbs are selected, is not important, so combinations should be used.

c) In how many ways can 4 patients be assigned to 6 hospital rooms so that each patient has a private room?
The room assignments are an ordered selection of 4 rooms from the 6 rooms. Exchanging the rooms for any 2 patients within a selection of 4 rooms gives a different assignment, so permutations should be used.

d) 3 out of 10 employees are qualified for promotion. Number of ways to choose these three.

Order is not important, so use combinations.
Example 7.6.3. A box of 15 printed circuit boards (PCB) has 3 defective ones. If 2 circuit boards are drawn from the box together, what is the probability that 

a) both PCBs are defective (event A) ?

b) neither is defective (event B) ?

c) one PCB is defective (event C) ?

a) Order is not important, so we use combinations, formula 7.5.2.. 

Number of favorable outcomes = number of ways 2 PCBs can be selected out of 3 defective ones:

            3!

n(A) = 3C2 = -------- = 3


         2! • 1!

Total number of combinations of 3 PCB selected from 15:

            15!
   15  • 14  • 13


n(S) = 15C3 = -------- =  -----------------  =  455 outcomes


         3! • 12!
    3  • 2 • 1
 

P(A) = n(A) / n(S) = 3 / 455 = 0.0065 (or 0.65 %)

b) Number of favorable outcomes = number of ways 2 PCBs can be selected out of 12 good ones:

            12!
    12 • 11


n(B) = 12C2 = -------- =  ---------- = 66


         2! • 10!
    2 • 1

Total number of combinations of 3 PCB selected from 15 n(S) = 455 (previous example).

P(B) = n(B) / n(S) = 66 / 455 = 0.1451 (or 14.51%)

b) The total sample space contains 3 mutually exclusive events:

A: 2 defective

B: 2 good 

C: 1 defective and 1 good

Use probability rule:

P(A) + P(B) + P(C) = 1

and find P(C) 

P(C) = 1 – [P(A) + P(B)] = 1  - (0.0065 + 0.1451) = 1 – 0.1516 = 0.8484 

(or 84.84%). 
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