CHAPTER 7.3.






Handout #7-3.

Conditional Probability: The Product Rule

Recall from the previous section:

Inclusion-Exclusion Principle, expressed as follows:

n(E U F) = n(E) + n(F) - n(E ∩ F)


n(E U F)
  
P(E U F) =  ------------  =  P(E) + P(F) – P(E ∩ F) ( mutually non-exclusive (7.1)


   n(S)

 
If 
P(E ∩ F) = 0,
 (that is E and F do not have common elements):

P(E U F ) = P(E) + P(F) ( mutually exclusive events


  (7.2)

Questions:

Decide whether the next events are mutually inclusive:

1. Being 15 and being a teenager.

2. Wearing tennis shoes and wearing sandals.

3. Owning a bicycle and owning a car.

4. Being female and owning a truck

Example 7.3.1. If a marble is drawn from a bag containing 2 white, 5 red, and 3 blue marbles, what are the probabilities of the following?

a) The marble is red.

b) The marble is either white or blue.

c) The marble is white or red.

d) The marble is green.

P(R) = 5/10 = ½

P(W) = 2/10 = 1/5

P(B) = = 3/10

b) ‘White OR blue’ represents union of events W U B. The events W and B are mutually inclusive ( use formula 7.2:

P( W U B) = P(W) + P(B) = 2/10 + 3/10 = 5/10 = ½

c) in the same way:

P(W U R) = P(Y) + P(R) = 2/10 + 5/10 = 7/10

d) Event G (green) is impossible ( P(G) = 0

Conditional Probability.

Example 7.3.2. Drawing a card from a deck.

1) Find the probability of observing the king of clubs.

2) Suppose the card is known to be a face card, find the probability that it is the king of clubs.

1) P(1) = 1/52

2) We know that the card is the face card, so we are restricted to 12 cards. One of them is king of clubs, so P(2)=1/12

This is called  ‘conditional probability’. 

If E and F are two events, then E | F represents event “E given that F has occurred” or “E given F”.

In problem 7.3.2 we have two events:

E: king of clubs

F: face card

P(E | F) = 1/12

We can consider E | F event as intersection of E ∩ F, since both events should occur at the same time: face card and king of clubs. Sample space reduced from 52 to 12. The probability therefore will be:


       n(E ∩ F)       1

P(E | F) = -----------  = ----




          (7.3)



n(F)
      12

If we divide the numerator and the denominator by n(S), where S – is the original sample space with 52 elements, we get:


       P(E ∩ F)       1/52

P(E | F) = ----------- =  --------- = 1/12



           (7.4)



P(F)
       12/52

Let’s again take example 7.3.1: drawing a marble from a bag containing 2 white, 5 red, and 3 blue marbles. 

What is the probability that the marble is blue given that it is not white?

E: R (red marble)

F: NW (not white)

Intersection of these events: n(E ∩ F) = 5

n(NW) = 8, use formula 7.4 to find the probability:

P (E | F) = 5/8

Example 7.3.3. A mathematics class has 25 students, of whom 14 are boys and 9 are sophomores. In addition, 5 of the sophomores are boys. Find the probability that a randomly selected student is:

a) a sophomore given that the student is male

b) a woman given that the student is a sophomore.

Define the events:

M: The student is a boy.

S: The student is a sophomore.

We must compute P(S | M). We are given: n (S ∩ M) = 5, n(M) = 14.

Using formula 7.4:


       P(S ∩ M)      5 

P(S | M) = ----------- =  ----  


P(M)
       14

Product Rule

Take formula (7.4)


       P(E ∩ F)       

P(E | F) = ----------- 


P(F)


and simplify it by multiplying both sides by P(F):       

P(E ∩ F) = P(F) • P(E | F ) 

Knowing that intersection implies occurrence of both E and F events, we get:

P(E and F) = P(E ∩ F) = P(F) • P(E | F ) ( Product Rule

(7.5)

Example 7.3.4. An urn contains 3 red and 5 white marbles. Two marbles are drawn in succession without replacement. Find the probability that

a) both are red

b) both are white
The probability that the second marble is red given that the first one is red: P(2R | 1R) = 2/7 

because 3 - 1 = 1 red left and

8 – 1 = 7 total left.

Probability that the first marble is red:
P(1R) = 3/8

We need to find the probability that both are red:





         3 • 2

P(2R) = P(1R) • P(2R | 1R) =  ------- = 6/56 = 3/28





         8 • 7

Probability tree – helps to visualize the outcomes and calculate product:

The example 7.3.4 represents dependent events: probability of the second event depends on the occurrence of the first one.

Two events A and B are independent if the fact that A occurs does not effect the probability of B. 

Mathematically it can be expressed by:

P(A | B) = P(A)
and 
P(B | A) = P(B)

Then for independent events formula 7.4 may be simplified:

P(A and B) = P(A ∩ B) = P(B) • P(A | B ) = P(B) • P(A) or:

P(A and B) = P(A ∩ B) =  P(A) • P(B)

Example 7.3.5. Tossing a coin three times – combination of 3 independent events each with probability

P(H) = P(T) = ½. 

What is the probability of getting three ‘heads’?

P(HHH) = (1/2)(1/2)(1/2)= 1/8
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