6.3. ANNUITES





Handout #2
FUTURE VALUE OF ANNUITY

A sequence of equal payments made at equal periods of time is called an annuity.

Ordinary annuity – frequency of payments = frequency of compounding.

Payment period – time between payments.

Term of annuity – time from the beginning of the first payment period to the end of the last period.

The future value of the annuity – sum of all the payments compounded to the end of the term.

Example 6-4. Suppose, $1500 is deposited at the end of the year for the next 6 years in an account paying 8% per year compounded annually. Find future value of this annuity.

Term of annuity





     1
          2
   3
        4
             5
       6

End of year #

!------------!---------- -!--- --------!-- ---------!-- ---------!--- ---------!




    Period 1       Period 2      Period 3      Period 4      Period 5       Period 6





  $1500
       $1500         $1500         $1500         $1500           $1500





       !





        --------- The $1500 is deposited at the end of the year.

Look separately at each of the $1500 payments. 

The first payment will produce a compound amount of

1500 (1 + 0.08)5   ( 5 years – time this money earns interest (deposit made at the end of 1st year). 

The second payment of $1500 will produce a compound interest of 

1500 (1 + 0.08)4   ( 4 years. 

The same way we will have the values shown below on diagram:


   1
      2
          3
  4
      5
            6

Year #
!----------!-----------!-----------!-----------!-----------!------------!



  $1500
      $1500         $1500        $1500          $1500            $1500











$1500











1500 (1.08)

 









1500 (1.08)2

1500 (1.08)3

1500 (1.08)4

1500 (1.08)5
Look at these numbers in reverse order: they represent geometric sequence with

a = 1500, r = 0.08 and n = 6. Using formula (6.10), we calculate the sum:

 1500 [(1.08)6 – 1]   

S6 =  -----------------------    =   $11,003.89


    1.08 – 1

Generalization of this result gives:

                      (1 + i)n – 1   

FV =  PMT  --------------- 






(6.11)


                 i

where FV – future value of annuity or ordinary annuity, when the payments are made at the end of each time period,   PMT – amount of each deposit (payment),


i – interest per compounding period, n – number of periods..

Example 6-5. Glenn Russel is an athlete who feels that his playing career will last 7 years. To prepare for his future, he deposits $20,000 at thhe end of each year for 7 years in an account paying 6% compounded annually. How much will he have on deposit after 7 years?

His payments form and ordinary annuity with PMT = 20,000, n = 7, and I = 0.06. The future value of this annuity (by formula (6.11)) is

            [(1.06)7 – 1]   

FV =  20,000 ----------------    =   $167,876.75


                0.06

Sinking Funds

A fund set up to make periodic payments is called a sinking fund. Periodic payments, together with interest earned will produce a given sum at some time in future, that is used to pay off some debt. To find the amount of required payments, solve (6.11) for PMT:

                             i   

PMT =  FV  --------------- 






(6.12)


          (1 + i)n – 1   

Example 6-6. Joe bought a rare stamp for his collection. He agreed to pay a lump sum of $4000 after 5 years He set up a sinking fund so that enough money will be present to pay off the $4000. He wants tomake annual payments into the fund. The account pays 8% compounded annually. Find the amount of each payment.

Regular payment into the sinking fund form annuity with FV = 4000, i =.0.08 and n = 5. Use formula (6.12) to find value of the payment (PMT)



     0.08

PMT = 4000 ------------------ = 681.83


          (1 + 0.08)5 – 1

The annual deposit is $681.83.
Because of rounding, the value of the last payment may be less than this value.

6.4. PRESENT VALUE OF ANNUITY

‘Annuity’ term was used in 6.3 Section for an account into which one makes equal regular payments. This term is also used to describe the account from which the person withdraws money (or receives equal periodic payments). In order to have such opportunity in future, the person invests a lump sum of money today, or set up the annuity. 

Example 6-4. Suppose, we invested a certain amount of money, S in an annuity that earns 8% compounded annually. In future we want to receive equal amounts of $1000 each regularly, at the end of each of the next 5 years. Find present value of this annuity.



   

  1
      2
          3
  4
      5
            

Year #
!----------!-----------!-----------!-----------!-----------!

$1000
      $1000         $1000        $1000          $1000  Payments to be        

Present values of $1000: 








received

$1000 (1 + 0.08)-1

1000 (1 + 008)-2

1000 (1 + 0.08)-3

1000 (1 + 0.08)-4

1000 (1 + 0.08)-5

To calculate present value of each of $1000 payments, use formula (6.9a):

P = S (1 + i)-n





Adding present values of future $1000 payments and simplifying gives the

formula for present value of annuity :       

                    [1 – (1 + i)-n ]

PV = PMT  ----------------






(6.13)



    i

where PV – present value of annuity, PMT – amount of each deposit, i – interest rate per period, n – number of compounding periods.

In the above example, present value of the annuity will be

         1 – (1.08)-5


PV = 1000 --------------- = 3,992.71



  0.08

Thus, by depositing a sum of $3,992.71 today we guarantee receiving regular payments $1000 each during next five years.
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