Chapter 5.3. 

Applications of exponential and logarithmic functions – handout #4

Solving exponential and logarithmic equations. 

2 simple rules that follow from the properties of logarithms:

If    x = y,     then     log a x = log a y


If    log a x = log a y,    then     x = y
(x, y, a are positive numbers, a ( 1)

Example 5.3.1. Solve 2x = 5.

Since 2 and 5 cannot easily be written with the same base, use the rules given above:

Take natural logarithms of both sides:

2x = 5

ln 2x = ln 5
use property of logarithm to get:

x ln 2 = ln 5

x = ln 5/ ln 2 = 1.6094 / 0.6931 = 2.3220 ~ 2.32

Example 5.3.2. Solve 3e2x = 600.

Divide each side by 3 to get

e2x = 200

Take natural logarithms of both sides, then use the properties of logarithms:

ln e2x = ln 200

2x ln e = ln 200

Since ln e = 1, we get:

2x = ln 200
x = (ln 200) / 2 = 2.6492 ~ 2.64
x = 2.64

Example 5.3.3. Radioactive decay / half-life.

The amount of a substance present at time t (in hours) is given by:

A(t) = 530e-0.2t
where A(t) is measured in grams.

a) How much of the substance was present initially?

b) How much of the substance will remain after 5 hours?

b) Find the half-life of the substance.

a) t = 0:

A(0) = 530e-0.2(0) = 530e0 = 530( 1 = 530 g was initially present.

b) t = 5:

A(5) = 530e-0.2(5) = 530e-1 = 530( (1/e) = 194.98 ~ 195 g of the substance remains after 5 hrs.

c) The half-life of a radioactive substance is the time it takes for exactly half the sample to decay.

So our task is now to find time t, such that A(t) = 530/2 = 265 g.

265 = 530e-0.2t – divide both sides by 530 and obtain

1/2 =  e -0.2t
Take natural logarithms of both sides:

ln (1/2) = ln e -0.2t
ln (1/2) = (-0.2t) (ln e) and because ln e = 1,

ln 0.5 = -0.2t
or

      ln 0.5
-0.6931

t = -------- =  
--------- = 3.465 ~ 3.5 hrs.

      -0.2

 -0.2

It will take about 3.5 hrs for half the sample to decay.

Example 5.3.4. Population growth (in social science).

The population of Metropolis is given by




P(t) = 1,500,000 e 0.02 t
where t is measured in years. If year t = 0 corresponds to 1995, find the population in

a) 1995
b) 2000
c) 2030

Economic and Management applications.

Continuous compound interest.

We have already learned two types of interest: simple and compound interest compounded periodically (annually, semiannually, monthly).

Continuous compound interest:


If the interest rate is compounded continuously, the future value of the investment is given by:






 S = Pert
(1)




where P is the amount invested, r – annual interest rate, t – time in years.

Compare with formulas for 

simple interest:



S = P(1 + rt)
(2)

periodic compound interest:

S = P(1 + r)t.
(3)
Example 5.3.5. $2000 is invested at an annual rate of 5%. How much money will result in 10 years if the interest is   a) compounded annually, b) compounded continuously.

c) How long does it take for the investment to double at continuous compounding?

a)  S = $2000(1 + 0.05)10 = $2000(1.6289 = $3257.79 – annual compounding

b)  S = $2000e0.05(10) = $2000e0.5 = $3297.44 – continuous compounding

We see that continuous compound interest gives higher return on investment.
c) S(t) = $2000( 2 = $4000

4000 = 2000e0.05t    divide by 2000:

2 = e0.05t  

Take logarithms of both sides:

ln 2 = ln e0.05t 

Use the property of logarithm:

0.05t = ln 2

t = ln 2 /0.05
t = 13.86 years 

t = ln 2 / r  is the doubling time for investments    

In the previous chapters we discussed cost, revenue, demand and supply functions that may be linear or quadratic. They also may be modeled by exponential and logarithmic functions.

Example 5.3.6. The estimated number of units that will be sold by Goldstein Widget Works t months from now is given by

N(t) = 100,000(e -0.9 t

a) What are current sales (t = 0)?

b) What will sales be in 2 months?

c) Will sales ever regain their present level? (What does the graph of N(t) look like?)

Example 5.3.7. The demand function for a piece of computer software is given by

p = 900e-0.007x, where p is the price in dollars and x is the number of pieces. How many pieces will be in demand when the price is $300? Write the answer to the nearest whole number. 

Answer: 157.

Example 5.3.8. Radioactive decay/ carbon daing.

Carbon 14, also known as radiocarbon, is a radioactive isotope of carbon that is found in all living plants and animals. After a plant or animal dies, the radiocarbon disintegrates with half a life approximately 5000 years. Scientists can determine the age of the remains by comparing the amount of radiocarbon with the amounts present in living plants and animals. This technique is called carbon dating. The amount of radiocarbon present after t years is given by:

y = y0( e - (ln2) (1/5600) t

where y0 is the amount present in living plants and animals.

Homework BONUS. A round table hanging in Winchester Castle (England) was alleged to belong to King Arthur, who lived in the 5th century. A recent chemical analysis showed that the round table had 91% of the amount of radiocarbon present in living wood. 

Did the table belong to King Arthur?( find the age of the table).
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