Chapter 5.2. Logarithmic functions.

In the last quiz we had example:

Find the value of exponential function y = ex   for   x = 0.6:

e0.6 = 1.82212

Let us consider the opposite task:

Find the exponent, that produces the given value of exponential function y = ex = 1.82212

ex = 1.82212


To find x, hit LN button on your calculator and get:

x = ln1.82212 = 0.600
we get back exponent 0.6!

Thus, we can see, that

y = ln x 
means 

ey = x

‘ln x’ which is read ‘natural logarithm of x’ is the answer to question:

To what exponent must e be raised to produce the number x?

ln 1 = 0 because e0 = 1
Definition of Logarithms to the Base a:

y = logax 
means

ay = x

‘y is the logarithm of x to the base a’

Exponential statement

23 = 8

can be translated into the equivalent logarithmic statement:
log28 = 3.

To translate logarithmic form to exponential, just answer to the question:

To what power must a be raised to produce x?



      
       exponent


logarithmic form:
y = logax
(a > 0, a (1)

(5.1)




        
         base



       

      exponent


exponential form:
ay = x



          

base

Common and natural logarithms are the special cases when a = 10 and a = e respectively.

In short notation:

common logarithm: log x (the same as log10x); 

natural logarithm:    ln x (the same as lnex).

Example 1. Write the following exponential statements in logarithmic form:

Exponential Form
Logarithmic Form

a) 32 = 9

b) (1/5)-2 = 25

c) 105 = 100,000

d) 4-3 = 1/64

e) e0 = 1

f)                                             log 100 = 2

g)                                             log2512 = 9

Domain and range of logarithmic function.

We know that domain of exponential function is all x and the range is ax > 0,
Then, the logarithmic function, log x, is not defined for negative values of x (compare exponential and log forms).

The domain of log function is:  x > 0, 

but the range is:  all real y. 

So, the expression under log should be positive, but the result of taking the logarithm may be negative:


e-2 = 0.13534  

which in log form is:
 ln 0.13534 = -1.99999 ~ -2

2. Properties of Logarithms 

Example 2. Find the following logarithms: 

a) ln e8 = ?



Answer the question: to what power must we raise e to produce e8?

Answer: 8. So ln e8 = 8

b) log 102 = ?

The same question: to what power must we raise 10 to get 102?

Answer: 2, that is log 102 = 2
Now we get a pattern:

loge e8 = 8


log10 102 = 2

that gives us the first property:

Property I: 
loga ax = x
(a > 0, a (1)


 
(5.2)
Special cases: 
x = 1:
loga a = 1 (since a1 = a)




x = 0:
loga 1 = 0 (since a0 = 1)

Property II.





(a > 0, a (1)

There are 3 more properties that are useful:

III. Logarithm of product:
loga(x(y) = logax + logay 


IV. Logarithm of ratio:
loga(x/y) = logax - logay



V.  Logarithm of exponent: 
loga xy = y(logax 




(x & y – real numbers)

3. Change of Base

To change base from b to a, use the following formula:



logax

logbx =    ---------

( x & b – positive, b (1)


(5.3)



logab

If base a = e, the formula will look:



ln x

logbx =    ---------






(5.4)



ln b

The second form is used to calculate logarithms with non-standard base (other than 10 or e, which are included in calculators).

Example 3. Find log7 3.

Use formula (5.4) with b = 7 and x = 3:



ln 3
      1.0986

log7 3 =    ---------
=   ---------- = 0.5646









ln 7
      1.9459
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4. Graph     f(x) = ln x
Table of points:
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Graphs y = ln x and y = ex are shown on the right. 

Dashed line is the graph of y = x.   

Observe that log function is the mirror image of exponential function with the line y = x being the mirror.
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