Chapter 5.  Exponential Functions (Sect. 5-1) – handout #2.
Applications of exponential functions.

Basic exponent formulas:
	             an (a – base, n –exponent) – ‘a to the n-th power’

	Formulas
	Examples
	Numeric examples

	a-n = 1/an (a ( 0)

a0 = 1
	x-2 = 1/x2      x-3 = 1/x3
	3-2 = 1/32 = 1/9

50 = 1

	( a   = 1/an
	( a   = a1/2      ( a   = a1/3
	

	aman = am+n
	
	23(24 = 23+4 = 27 = 128

	(ab)m = ambm
	
	(2(3)5 = 25(35 = 32(243 =7776

	(am)n = amn
	
	(23)2  = 22(3 = 26 = 64



(i)  a0 = 1 for any a > 0.

Exponential growth: 
y = C(ax

(5-1)
#5-1.  Biological problems.

A colony of ants begins with a population of 5 and grows exponentially every month. Which shows an exponential equation for the population, P, that models the growth, and the population after 4 months?

[A] 
P = 5x;       20 ants   
[B]
P = x4;
     1024 ants



[C]
P = 5(x4;   1280 ants
[D]
P = 5x;       625 ants

Exponential function has variable in exponent (as opposed to polynomial function, where the variable is raised to a constant power). So, the answer will be [D].

P = 54 = 625 ants

#5-2. Future value of investment.

Simple interest – example of a linear application (Chapter 1.6, Handout #2).
Mike deposited $3000 into his savings account paying 5% per year. How much money he will have on his account after 4 years?

P – principal, 

r – annual rate on investment, 

I - annual interest earned, 

S – future value of investment, OR how much money he gets in t years.

This problem deals with a simple % (the same initial principal).

Simple % means that the given rate applies to the same principal amount each year.

S = P + It = P + Prt = 3000 + 3000 (0.05) (4) = 3000 + 3000 (0.2) = $3600 

Answer: his savings account will have $3600. This value is called ‘future value of investment’.

General formula for simple interest:

S = P + Prt
or 
S = P(1 + rt)    (5-2)

Compound interest – example of exponential application (this Chapter 5).

Consider the same problem, but with compound interest:

Mike deposited $3000 into his savings account paying 5% per year compounded annually. How much money he will have on his account after 4 years?


    Annual interest


    Account total (Future value of investment)

--------------------------------------------------------------------------------------------------------------------------

1st year:
   I = P0r = 3000 (0.05)

   3000 + 3000 (0.05) = 3000 (1 + 0.05) = P0(1 + r)1

2d year:     I = P1r = [3000(1 + 0.05) ](0.05) 
   3000 + [3000(1 + 0.05) ](0.05)  = 3000 (1 +  0.05)(1 + 0.05) =     






  
 = P0(1 + r)2
3d year:     I = P2r = [3000(1 + 0.05)2 ](0.05)
   3000 + [3000(1 + 0.05)2 ](0.05) = 3000( 1 + 0.05)3 =







=  P0(1 + r)3
4th year:    I = P3r = [3000(1 + 0.05)3 ](0.05)
   3000 + [3000(1 + 0.05)3 ](0.05) = 3000( 1 + 0.05)4 =







=  P0(1 + r)4
We see that the same rate applies each year to the whole amount of money on the account that is increasing.

General formula for compound interest:


S = P(1 + r)t 



(5-3)

In this problem:
S = 3000(( 1 + 0.05)4 = 3000 (1.05)4 = 3000 (1.2155) = $3645.52 

Compare the results for simple and compound interest:

$3600 – at simple interest;

$3645.52 – at compound interest.


Conclusion: 

if you are investor (or lender, or depositor) the compound interest is preferable for you.
If you are borrower, the simple interest will be better for you (les money you pay back).

General formula for exponential growth / decay: 


y = y0(ekt



(5-4)
where y is the amount (or quantity present at time t;

          y0 is the amount present at time t = 0;

          k is a constant that depends on the situation.

if k > 0, ekt > 1 ( we have growth
if k < 0, e-kt < 1 ( we have decay.

Exponential decay:

#5-3. Radioactive decay.

Suppose, the amount, y, of a certain radioactive substance present at time t is given by


y = 1000(e-0.1t,

where t is time in days and y is amount of substance in grams.

a) How much of the substance is present at time t = 0?

This is exponential function. Compare it with general formula (5-4) for growth/decay:

k = -0.1 (<0), so we have exponential decay.

y0 = 1000, so there is 1000 g of substance present at time t = 0.

You can determine this using the formula for t = 0:

y = 1000(e-0.1(0) = 1000(e0 = 1000( 1 = 1000

b) How much of the substance will be present after 5 days?

t = 5 days

y = 1000(e-0.1(5) = 1000(e-0.5 = 1000 ( 0.60653 = 606.53 

Thus, after 5 days, the amount will decrease to 606.53 grams.

Homework problems – part of HW#8.

5-4. Solve each of the following equations:

a) 5x = 25

b) 3x = 1/9

c) 25-x = 625

d) 7-x = 49x + 3
5-5. An eccentric billionaire offers you a job for the month of October. You may choose either to be paid $300,000 per day or to be paid 2 cents on the first day, 4 cents on the second day, 8 cents on the third day, and so on, with your pay doubling on each successive day.

a) Write the function that gives you salary in cents on day t if you choose the second option.

b) Which pay option will give you the larger income on October 30?

5-6. The oxygen consumption of salmon (in appropriate units) increases exponentially with speed of swimming according to

f(x) = 100 (3)0.6x 
where x  is the speed in feet/sec.

a) What is oxygen consumption when the fish are still?

b) What is oxygen consumption of salmon when they move at speed of 5 feet/sec?
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